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40, 168 Wolfram class I ,
[17], configurations
[12] [13] [14], Lyapunov exponent [12][13][14].
Lapunov exponent , spreading rate [6][15] ,
Bagnolli’s Lyapunov exxponent[l] ,
. , Bagnoli’s Lyapunov exponent
, Lapunov exponent ,
.
1. Introductory Prellminaries
(elementary cellular automaton $(ECA)$ ) , $\{0,1\}$ $g:\{0,1\}^{3}arrow\{0,1\}$
$(\{0,1\}, g)$ , ECA $g$ . $g$ local transition function .
ECAg . $R(g)$ .
$R(g)= \sum_{(a,b,c)}g(a,b,c)2^{a*4+br2+c}$ .
local transition function $g:\{0,1\}^{3}arrow\{0,1\}$ , $A\equiv\{0,1\}^{z}h^{f}a^{(\text{ }}A$ $g$
$x\in \mathcal{A}$ , $(g(x))_{i}=g(x_{i-1},x_{i},x_{i+1})$
. $g$ global transition function .
$\mathcal{A}$ $d$ .
$d( r,y)=\sum_{i=-\infty}^{\infty}\frac{|x_{i}-y_{i}|}{2|i|}$ . $x,y\in \mathcal{A}$ ,
$(\mathcal{A}, g)$ .
$\mathcal{A}$ configuration , configuration $x\in A$ ,
$\{g^{t}(x)\}_{t=1}^{\infty}$ .
$g^{0}(x)=x,$ $g^{t+1}(x)=g(g^{t}(x)),$ $t=0,1,2,\cdot\ldots$ .
$n_{j}$ : $\mathcal{A}arrow \mathcal{A}(j\in Z)$ .
$x\in \mathcal{A}$, $(n_{j}(x))_{i}=\{\begin{array}{l}x_{i}, i\neq j,\overline{x_{i}}, i=j.\end{array}$
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$n_{i}$ , configuration $x\in \mathcal{A}$ $j$ .
Lyapunov exponent .
$x,$ $g(x),$ $g^{2}(x),$ $g^{3}(x),$ $\cdots$ ,
$n_{j}(x),$ $g(n_{j}(x),$ $g^{2}(n_{j}(x)),$ $g^{3}(n_{j}(x)),$ $\cdots$ ,
, Shereshevsky’s Lyapunov exponent,
spreading rate, strict spreading rate, Bagnoli’s Lyapunov exponent .
.
$x,$ $y\in \mathcal{A}$ ,
$DFR(x, y)= \sup\{i|x_{i}\neq y_{i}\}$ , $DFL(x, y)= \inf\{i|x_{i}\neq y_{i}\}$
. , $s\in Z$
$W_{\epsilon}^{+}(x)\equiv\{y\in \mathcal{A}|\forall i\geq s, y_{i}=x_{i}\}$ , $W_{l}^{-}(x)\equiv\{y\in \mathcal{A}|\forall i\leq s, y_{i}=x_{i}\}$
.
, , .
Shereshevsky’s Lyapunov exponent at a configuration $x$ ;
$\lambda^{+}(x)$ $\equiv$ lim max max$t arrow\infty j\in z_{y\in W_{J+1}^{+}(X)}\frac{DFR(g^{t}(x),g^{t}(y))-j}{t}$ ,
$\lambda^{-}(x)$ $\equiv$ lim min min$t arrow\infty j\in z_{y\in w_{j-1(X)}^{-}}\frac{DFL(g^{t}(x),g^{t}(y))-j}{t}$ .
Spreading rate at a configuration $x$ ;
$\gamma^{+}(x)$ $\equiv$ $\lim_{tarrow\infty}\max_{z}j\in\frac{DFR(g^{t}(x),g^{t}(n_{j}(x))-j}{t}$ ,
$\gamma^{-}(x)$ $\equiv$ $\lim_{tarrow\infty}\min_{j\in Z}\frac{DFL(g^{t}(x),g^{t}(n_{j}(x))-j}{t}$ .
Strict Spreading rate at a configuration $x$ ;
$s\gamma^{+}(x)$ $\equiv$ $\max\lim_{tj\in Zarrow\infty}\frac{DFR(g^{t}(x),g^{t}(n_{j}(x))-j}{t}$ ,
$s\gamma^{-}(x)$ $\equiv$ $\min_{j\in Z}\lim_{tarrow\infty}\frac{DFL(g^{t}(x),g^{t}(n_{j}(x))-j}{t}$ .
Spreading rate Strict Spreading rate , $\max$ limit . limit
, $\max$ , Bagnoli’s Lyapunov exponent .
, 40 168 , Bagnoli’s Lyapunov expo
nent(BLE) .
40 168 I , Bagnoli, et al. , ,
initial configuration BLE $\infty$ . ,
BLE $\infty$ .
, configuration , BLE $0$ $\log 2$ config-
uration , . initial configuration , coin tossing
, , .
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, 40 168 a dyanamical sub-system ,
.
40 168 local transition function $g_{40},$ $g_{16S}$ .
$(a, b, c)$ (1, 1, 1) $($ 1, 1, $0)$ $(1, 0,1)$ $(1, 0,0)$ $(0,1,1)$ $(0,1,0)$ $(0,0,1)$ $(0,0,0)$
$g_{40}(a, b, c)$ $|0$ $0$ 1 $0$ 1 $0$ $0$ $0$





$S_{0(1),1(\leq k)}$ $=$ $\{(0,1_{m_{\dot{t}}})_{i=-\infty}^{\infty}|m_{i}=1$ or 2or $\ldots$ or $k$ , $i\in Z\}\subset \mathcal{A}$ , $k=1,2,3,$ $\cdots$ ,




$S_{0(1)}$ : $0$ site configuration .
$\bigcup_{k\geq 1}S_{0(1),1(\leq k)}\neq S_{0(1)}$ . $X\in S_{0(1)}$ 1 site ,
. $S_{0(1)}$ , 1 site . ,
configuration .
$(\cdots,0,1,0,1_{\check{2}\check{3}}1,0,1,1,1, \cdot\cdot\cdot, 0,1, \cdot\cdot 1,0,1, \cdots,1, \cdots)\check{l}.\tilde{l+1}$
$(A,g_{40})$ $(\mathcal{A}, g_{168})$ dynamics , [12] [13][14].
Theorem 1.1 ( 40)
$\forall x\in \mathcal{A}\backslash S_{0(1),1(\leq 2)}$ , $\lim_{tarrow\infty}g_{40}^{t}(x)=0$ ,
$\forall x\in S_{0(1),1(\leq 2)}$ , $g_{40}(x)=\sigma_{L}(x)$ ,
, $(s_{0(1),1(\leq 2),g_{40})}$ , Devaney chaos . $\sigma_{L}$ , left-shif6 transformation .
Theorem 1.2 ( 168) (1) $x\in S_{0(1)}$ ;
$g_{168}(x)=\sigma_{L}(x)$ ,
3$i\in Z$ such that $x_{i,arrow}=1$ , and $\forall t\geq 1,$ $g_{168}^{t}(x) \neq 1,\lim_{tarrow\infty}g_{168}^{t}(x)=1$ ,
$\forall k\in N,$ $(S_{0(1),1(\leq k)}, g_{168})$ is the Devaney chaos,
$(S_{0(1)},g_{168})$ is the Devaney chaos
(2) $x\in A\backslash S_{0(1)}$ ;
(2-i) ,
3$i\in Z$ such that $x_{i,arrow}=1$ ,
$\exists j\in Z$ such that $(x_{j},x_{j+1})=(0,0)$ , which is the right most 00 block in $x$
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$\lim_{tarrow\infty}g_{168}^{t}(x)=(\cdots,0,0,\dot{0}_{2}1,1,1, \cdots)J+1$ .
(2-ii) $x=1$ , $g_{16S}(x)=1$ ,
$\forall t\geq 1,$ $g_{168}^{t}(x)=1$ .
(2-iii) (2-i), (2-ii)
$\lim_{tarrow\infty}g_{168}^{t}(x)=0$
$k\geq 2$ , ($s_{0(1),1(\leq 2),g_{40})}$ $(s_{0(1),1(\leq k),g_{168}})$ dynamical sub-system . )
40 , 168 attractor types . , 40 chaos
dynamical system , 168 sub-system . ) $\triangleright$ $168$ chaos , 1
40 .
, , 168 .
left-shift dynamical system . , . attractor
.
Shereshevsky’s Lyapunov exponent, spreading rate, strict spreading rate ,
.
Theorem 1.3 $($ $-)s168)$ (1) $\gamma(0\leq\gamma\leq 1)$ , $s\gamma^{+}(x)=\gamma$ configuration
$x \in\bigcup_{k\geq 2}S_{0(1),1(\leq k)}$ .
(2) $\gamma(0\leq\gamma\leq 1)^{}\llcorner$ , Shereshevskii’s Lyapunov exponent Spreading rate
, $\gamma$ configurationx $\in$ Uk $\geq 2s_{0(1),1(\leq k)}$
Theorem 1.4 ( 40) (1) $\gamma(1/2\leq\gamma\leq 1)$ , $s\gamma^{+}(x)=\gamma$ configuration
$x\in\cup k\geq 2S0(1),1(\leq k)$ .
(2) $\gamma(1/2\leq\gamma\leq 1)$ , Shereshevskii’s Lyapunov exponent Spreading rate
, $\gamma$ configurationx $\in\bigcup_{k\geq 2}S_{0(1),1(\leq k)}$ .
168 Lyapunov exponent spreading rate . 168
40 . , exponent an initial
configuration $x \in\bigcup_{k\geq 2}S0(1),1(\leq k)$ 010, 0110, $\cdots,$ $01\cdots 10\vee$ .
, 40 168 , time-space pattem .
exponent , $x$ $n_{j}(x)$ right-most different site number left-most
different site number , 168 40 . initial configuration
. $g^{t}(x)\oplus g^{t}(n_{j}(x))$
. Bagnoli’sLyapunov exponent , .
, 168 40 , Bagnolli‘sLyapunov exponent .
, Bagnoli’sLyapunov exponent .
2. Bagnoli’s Lyapunov exponent
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$x,$ $y\in A$ , $x\oplus y=(x_{i}\oplus y_{i})_{i}$ . $\oplus$ , .
$a\oplus b=\{\begin{array}{l}1, a\neq b,0, a=b.\end{array}$
ECA $g$ . $x\in \mathcal{A}$ . $g(x)\oplus g(n_{j}(x))$
$(g(x)\oplus g(n_{j}(x)))^{T}$ $i$
$J(x)=\{\begin{array}{lll} \vee f \cdots (g(x)\oplus g(n_{j}(x)))^{T} \cdots\end{array}\}$
. local ruleg $J_{g}$ , .
$(J(x))_{i_{I}j}=1$ . $(g(x)\oplus g(nj(x)))_{i}=1$ , configuration $x$ $n_{j}(x)$ , $(g(x))_{i}\neq$
$(g(n_{j}(x)))_{i}$ . , $x$ $i-$th cell , $g(x)$ $i-$ th
cell .
$J(x)$ $i$ 1 $x$ cell $g(x)$
$i-$th cell . , $g(x)$ $i-$ th ce cell
.
$x$ initial configuration trajectory .
$x^{0}=x$ , $x^{t}=g(x^{t-1}),$ $t=1,2,3,$ $\cdots$ ,
(1) $J(x^{t})$ $(i,j)$ :configuration $x^{t}$ $i-$th site $X^{t+1}$ $i-$th site
.
(2) $J(x^{t+1})\cdot J(x^{t})$ $(i,j)$ :configuration $x^{t}$ $i-$ th site , $x^{t+2}$ $i-$th
site path . path difference path .
(3) $\prod_{t=0}^{T}J(x^{t})$ $(i,j)$ :configuration $x=x^{0}$ $i-$th site , $x^{T+1}$ $i$ -th
site difference path .
$j$
$\xi_{j}=(\cdots, 0, \cdots, 0,1,0, \cdots, 0, \cdots)^{T}$
, $i-$th site ,
(4) $\prod_{t=0}^{T}J(x^{t})\cdot\xi_{j}:x=x^{0}$ $i-$th site , $x^{T+1}$ site difference
path .
(5) (4) difference path
$| \prod_{t=0}^{T}J(x^{t})\cdot\xi_{j}|=\sum_{i=-\infty}^{\infty}(\prod_{t=0}^{T}J(x^{t})\cdot\xi_{j})_{i}$
, .
$\lambda^{T}(x,j)$ $=$ $\frac{1}{T}\log|\prod_{t=0}^{T}J(x^{t})\cdot\xi_{j}|$ ,
$\lambda(x,j)$ $=$ $\lim_{Tarrow\infty}\lambda^{T}(x,j)$ ,
$\lambda(x)$ $\overline{\neg}$
$\sup_{j}\lambda(x,j)$
$\lambda(x,j)$ configuration $x$ $j$ -th site Bagnoli’s Lyapunov exponent, $\lambda(x)$ configuration
$x$ Bagnoli’s Lyapunov exponent .
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3. $ls-;s168$ Bagnoli’s Lyapunov exponent
, 169 Bagnoli’s Lyapunov exponent .
Theorem 3.1 (Bagnoli’s Lyapunoc exponent for rule 168) 168 , Banoli’s Lyapunov
exponent , .
(1) $x\in S_{0(1)}$ , 01 011 , $\lambda(x)=\log 2$
, $\lambda(x,j)=0$ . , $x\in S_{0(1),1(\leq 2)}$ , $\lambda(x)=\log 2$ .
(2) $x\not\in S_{0(1)}$ , $\lambda(x)=0$ $\infty$ .
$\lambda(x)=0$ , difference path , , 1 ,
order . , Bagnoli’s Lyapunov exponent , difference path
, order $0$ .
, $x\in S_{0(1)}$ , $\log 2$ , difference path order
$0$ .
$p^{T}(x,j)=| \prod_{t=0}^{T}J(x^{t})\cdot\xi_{j}|$
. $p^{T}(x, j)$ . $x\in S_{0(1)}$ $g_{168}(x)=\sigma_{L}(x)$
.
(1) $m\geq 3$ ,
$n$ oll
$x=(\cdots, 1, \cdots, \dot{1},\tilde{011,\cdots,011},0,1_{m}, 0f, \cdots)$
,
$t\geq 2n+2$ , $p^{T}(x,j)= \sum_{i=0}^{2n+2}(\begin{array}{l}Ti\end{array})$ .
$T$ ,
$\sum_{i=0}^{2n+2}(\begin{array}{l}Ti\end{array})\leq(2n+2+1)(\begin{array}{l}T2n+2\end{array})\leq\frac{2n+2+1}{(2n+2)!}T^{2n+2}$
$\lambda(x,j)=\lim_{Tarrow\infty}\frac{1}{T}$ log $p^{}$ $(x,j)=0$ .
difference path , order , order , $\lambda(x,j)=0$ .
(2) $n_{i}\geq 1,$ $m_{i}\geq 1,$ $i=1,2,$ $\cdots$ ,
$x=(\cdots, 1, \cdots, \dot{1},$ (01) $, (011)_{n_{1}},$ (01)$, (011)_{n {2}}, \cdots)3$
,
$x=(\cdots, 1, \cdots, \check{1}, (011)_{\mathfrak{n}_{1}},$ (01) $, (011)_{n},,$ (01)$, \cdots)j$
, $j$ -th site 01 011 ,
$p^{T}(x,j)=2^{T}$
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,$\lambda(x,j)=\lim_{Tarrow\infty}\frac{1}{T}\log p^{T}(x,j)=\log 2$ .
(01) , $\sim 01\cdots 01$ . $(011)_{n}$ .
$m$
40 , .
Theorem 3.2 (Bagnoli’s Lyapunov exponent for rule 40) 40 $ $x\in S_{0(1),1(\leq 2)}$
, $\lambda(x)=\log 2$ .
So(1), $1(\leq 2)\ovalbox{\tt\small REJECT}_{\overline{\llcorner}}$ configuration 40 Bagnoli’s Lyapunov exponent , $-\infty$
.
Theorem 3.1 168 ,
. . Theorems 1.3 1.4 Bagnoli ,
. , Bagnoli , order $\langle$ difference path
, , 168 40 . diffference path
order .
. Bagno ,
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